Eigenstructur e of the Kobbelt Scheme

Denis Zorin, Stanford University, February 1998

In this worksheet, we explore the eigenstructure of the subdivision matrix for Kobbelt's subdivision scheme. We compute guaranteed intervals for the magnitude of the largest eigenvalue, and formulas for
computing corresponding eigenvector. The result is a file with three interval arithemtics C functions computing the magnitude of the largest eigenvalue for alarge range of valences, and two functions to
compute eigenvectors for the eigenvalue with the largest magnitude. In addition, we estimate the range of eigenvalues for large valences, which allows us to analyze C1-continuity for all valences.

[#] Utilities

[=] Subdivision matrix of the Kobbelt scheme

Define the blocks of the DFT-transformed subdivision matrix; perform some tests to check if the matrix was defined correctly. We use the following parameters:and B are the coeffficients of the 4-point
. ; , n B

scheme (we consider the case when the coefficients are 9/16 and -1/16 respectively), c = cos%%% and w=e .

We test the correctness of the matrix in two ways: first, we compute a submatrix explicitly for the case K = 4, and check if the matrices agree; second, compute the eigenvectors and eigenvalues for K =4;

in this case, the matrix has to have eigenvalue 1/2, and te corresponding complex eigenvector should be a part of aregular quadrilateral grid in the complex plane.

> Kobbelt := matrix([[al phat4*beta*d-beta*(1+2*c),

4*d*bet a”2/ al pha- bet a*2* ( conj ugat e( onega) *2+2*c+1)/ al pha, beta, 0, O,

o, 0, 0, 0, 0, 0, 0],

[ 4*bet a*al pha*d+al pha”2*( 1+onmega) - ( 1+onega) *al pha*bet a,

4*pet a”2*d- bet a*2* (1+2*c) +2*al pha*bet a*c+al pha”2,

(1+onega) *al pha*beta, beta”2*onega+al pha*beta, beta”2,

bet a”2*conj ugat e( onega) +al pha*beta, 0, 0, 0, 0, 0, 0], [1, O, O, O, O,

o, 0, 0, 0, 0, O, 0], [al pha, al phatbeta*conjugate(onega), 0, 0, O

beta, 0, 0, 0, 0, 0, 0], [0, 1, O, O, O, O, O, O, O, O, O, 0],

[ al pha*onega, al pha+beta*onega, 0, beta, 0, 0, 0, O, 0, 0, O, 0],

[al pha, O, alpha, O, 0, O, beta, O, 0, 0, 0, 0],

[ bet a”2*conj ugat e( omega) +al pha”2+al pha*bet a*onega,

al pha*bet a*conj ugat e( onega) +al pha*2, beta”*2*onega+al pha*2, al pha*2,

al pha*bet a, al pha*beta*(1+conjugate(onega)), al pha*beta, al pha*beta,

beta”2, 0, 0, beta”2*conjugate(onega)], [beta*onega, al pha, 0, alpha,

0, 0, 0, beta, 0, 0, 0, 0], [(1+onega)*al pha*beta, al pha™2,

(1+onega) *al pha*beta, al pha®2, al pha"2, al pha®2, beta”2*(1+onega),

al pha*beta, al pha*beta, beta”2, al pha*beta, al pha*beta], [beta, alpha,

0, 0, 0, alpha, 0, 0, 0, O, 0, beta],

[ al pha*bet a+al pha”2* onega+bet a*2*onega”2, al pha”*2+al pha*bet a*onega,

bet a”2+al pha”2*onega, (1l+onega)*al pha*beta, al pha*beta, al pha"2,

al pha*bet a*onega, beta”2*onega, 0,0, beta”2, al pha*beta]]);

dp’ B (F+2c-+1)

a+4Bd-B(1+2c~) = p, B 0 0 0 0 0 0 0 0 ©
Bad+a2(l+m)—(1+m)a[3 4[32d—[32(1+2c~)+20([3c~+0(z (1+w)ap Bzm+a[3 [32 Bzm+a[3 0 0 0O 0 O 0

1 0 0 0 0 0 0 0 0 O 0 0

a a+pw 0 0 0 B 0 0 0 0 0 ©

0 1 0 0 0 0 0 0 0 O 0 0

Kobbelt := o w a+Bw 0 B 0 0 0 0 0O 0 O 0
a 0 a 0 0 0 B 0 0 O 0 0

Bzw+az+aBm (1([3m+0(2 Bzm+a2 o aff af(w+l) af af [32 0o 0 [32

Bw a 0 a 0 0 0 B 0 0O 0O O

(1+w)ap o? (1+w)ap o? o? o’ B?(1+w) aBf aB B> af ap

B a 0 0 0 a 0 0O 0 0 0 B

L aB+o’ w+ Bl a?+aBw BP+a’w (1+w)ap ap o’ aBw Pw 0 0 p* ap

> Kobconst := { alpha = 9/16, beta = -1/16 };

coboonst o (a =2 gL
obcon: .7{01716,[3716}
— > KobExpanded : = subs(Kobconst , eval n(Kobbelt));
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[

51,1 1, 1o 1 1 1
8 4 8 36 144 72C 144 16 0 0 0 0 0
9 45 45 1 5 5 9 9 1 9 1 1 - 9
— —d+—-— — - w-T— —w- 0
64 128 128 64 16 64 256 256 256 256 256 256 256
1 0 0 0 0 0 0 0
9 9 1-— -1
— - 0 0 0 — 0 0
16 16 16 16
0 1 0 0 0 0 0 0
2 s 1 A
6% 16716 0 16 0 0 0 0
. 9 9 -1
KobExpanded : . 0 . 0 0 0 PP 0
1 - 81 9 9 — 81 1 8L 81 -9 9 - 9 -9 -9
256 256 256 256 256 2560) 256 256 256 2560) 256 256 256
1 9 9 -1
- — 0 - 0 0 0 —
16 16 16 16
9 9 8 9 9 & & w1 1 9
256 256 256 256 256“’ 256 256 256 256 25600 256
-1 9 9
— 0 0 0 — 0 0
16 16 16
9 81 1 8L 9 1 81 9 9 -9 81 9 1
0256 256 +256 256 256 256 256 256 256w 256 256 2560) 256w
Special caseK = 4:
> KobRegul ar := map( unapply( subs( ¢ = 0,x), x), map( sinplify, map( evalc, subs( { d =0, onega =1, ¢ = 0}, eval m KobExpanded)
)))):
>
Manually computed matrix for the regular case
> KobRegul ar Manual := matrix( [[ 9/16 - 172/16, 0,-1/16,0,0,0], [ (81/256)*(1+1) - (9/256)*(1~2 - 1), 81/256 + (1/256)*1"2,
(-9/256)*(1+1), -9/256 +l/256, 1/256, -9/256 - (1/256)*1],
[1,0,0,0,0,0], [9/16,9/16 +I/16, 0,0,0, -1/16],[0,1,0,0,0,0],[ 9*I/16, 9/16 - I/16, 0,-1/16,0, 0] ]);
5 kS
P I 0 0 0
5 4 5 9 9o 9 1 1 9 1
28 128 128 16 256 256 ! 256 * 256 ! 256 256 256 !
1 0 0 0 0 0
KobRegularManual := 9 9 1 1
- —+ 0 0 -
16 16 16 16
0 1 0 0 0 0
9 9 1 -1
16I 16 16I 0 16 0 0
Check agreement with the regular case .
> norm( eval n{subnmatrix( KobRegular, 1..6,1..6) - KobRegul arManual));

Check if the eigenvector for the eigenvalue 1/2 isaregular grid:

> eigenvects( KobRegul ar );
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Eigenvalues of the O-th block for all valences:
> KobZeroBl ock : = nmap( unapply( subs( ¢ =1,'x"),

eval m( KobExpanded) )))):

> ei genval s(KobZer oBl ock) ;

5+f| —1+3|%E)

"X,

map( sinplify, map( evalc,
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Characteristic polynomial of the subdivision matrix
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1}

[ Thelargest eigenvalueis 1/4; we will seethat the largest eigenvalue of one of the other blocks is always greater than 1/4, and the dominant eigenvalue is never in the O-th block.

2
Compute and factor the characteristic polynomial of the blocks of DFT-transformed subdivision matrix. The resulting polynomial is parameterized by= cosé?n % The polynomial has anumber of small

roots, which do not depend on ¢, and afactor of degree 6. For illustrative purposes, and to guide usin the subsequent derivations, we compute all the roots of the polynomial numerically, and plot the
magnitudes of the roots. Of course, neither the plot nor the computed values cannot be used in the analysis without additional verification.
We have aready computed eigenvalues for the Oth block, and we can assume that d = 0

[

> KobChar pol ynom :
s”h2 = 1-¢c”2, map( sinplify,
> KobChar pol ynom

KobCharpolynom:= -

72057594037927936

subs( { s"3
subs( { d =0,
:= factor( map( sinplify,
1

s*(1-cn2),s"2

onmega = ¢ + |*s},
KobChar pol ynon) ) ;

1 - ¢cn2,s"N4 =

(1-¢r2)~2},
eval ( KobExpanded)))))),

(32A+1) (128A+1) (1+641)?

| anbda) ,

| anbda))):

factor( collect(charpoly( map( sinplify, map( evalc,

subs(

(~1+42880 A + 90 \ + 576 A? ¢~ + 9216 A" ¢~ + 49152 \° ¢~ — 18 A ¢~ — 5376 A% ¢~ + 448 A* c~2 + 983040 A° — 304128 \* — 2928 A% — 1048576 A°) (256 A — 1) (1 + 16 A)

= > KobFactor6 :
[ > KobFactor6 :

3
KobFactor6 := A® + %7
64

KobChar pol ynont ( (32*] anbda+1) *(128*| anbda+1) * ( 1+64*| anbda) 2* (256*| anbda- 1) * ( 16*| anbda+1)):

col | ect (KobFact or 6/ | coef f (KobFact or 6, | anbda) ,

oo * Fonss

EA %1024 g

297
1024

16384
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Compute the eigenvalues; execution of this statement may take awhile.

> Eigenval sList := seq([sol ve( subs( ¢ = eval f( (n+le-10)/100), KobFactor6))], n = -100..100):
Convert the lists of eigenvalues to the form suitable for plotting
> Eigenval sPlotLists := seq( [ seq( [-1 + (i-1)/100, abs(op(j, op(i,[EigenvalsList])))], i = 1..201)] ,j=1..6):

[ Plot of the magnitudes of eigenvalues as functions of c; to see approximately the magnitudes of the eigenvalues for a blockn of the subdivision matrix for valenceK, draw avertical lineat

2mm . L .
c= COSETE and find where it intersects the curvesin the plot.
> di splay(seq(plot(op(i,[Eigenval sPlotLists]),color=black), i = 1..6),col or=black, axesfont=[TIMES, | TALIC, 10], labels=["*,""]);

0.6

—
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=l Eigenvalues

The roots of the characteristic polynomial of Kobbelt's scheme in general cannot be found explicitly. However, we can obtain enough information about the eigenvalues to verify C1-continuity. We proove
that forany m, k, m=1.. k-1 thelargest eigenvalueisrea and unique, and that for m# k - 1, 1 the largest eigenvalue is less than the largest eigenvalue of blocks 1 anck — 1. We also show that the
unique largest eigenvalueis asingle eigenvaluein the interval [0.5..0.613], fok > 4.

For the value k = 3, eigenvalues are examined separately. The proof is performed in several steps:

(1). We show that for c < 0, al roots of the characteristic polynomial P(c, A) areless than 0.51 (actually, they are less than 0.5, but due to numerical nature of our calculations, we have to relax the upper
boundary).

(2). We show that for any c=0.. 1, thereisaunique real root p in the interval [0.5,0.613], and the functionp( c) is C1-continuous and increases.

(3). We "deflate” the characteristic polynomial (that is, divide by the monomial — p) in symbolic form, withu and ¢ asindeterminates. Next, we verify that for allp =.5 .. .613, and corresponding c() ,
that all roots of the deflated polynomial areinside the circle of radius 0.5 centered at 0 in the complex plane, that is, have magnitudes less thap(c) for any O < c. Using [ as the primary parameter is
important, as ¢ can be explicitly computed fromy, but not the other way.

T 2mTtt
Asfork>4, 51< oos%%the largest eigenvalue cannot possibly correspond to a blockm, for which OOSETES 0. From (3), it follows that the largest root has to be the real root pi(c) for somec.

2 mTt 2 11
Asforanyl<m m<k-1, COSET E< COSET E and we have shown (1) that p(c), increases, and for any ¢ p(c) is the largest root, we conclude that the largest eigenvalue always corresponds to m =
1, isreal, and is the unique eigenvalue in the range 0.5..0.613.

On steps 1 and 3 we have to show that roots of a polynomial are inside acircle of radiusr in the complex plane. Thistask issimilar to the task of establishing

1
stability of afilter with the transfer functiona(T, where a(z) isapolynomial. Such filter is stable, if al rootsof the polynomial areinside the unit circle.

A variety of tests exist for this condition; for our purposes, the algebraic Marden-Jury test is convenient. With aproporiate rescaling of the variable it can be used to prove that al roots of a polynomial are
inside the circle of any given radiusr. As the test requires only a simple algebraic calculaion on the coefficients of the polynomial, it can be easily performed for symbolic and interval coefficients.

Finally, we compute the largest root of the characteristic polynomial numerically for all valences up to some maximum. For each computed root, we verify that that the precision is at least= .1 10" we
use interval arithmetics to evaluate the polynomial at A, — € and A, + € and assert that the sign is guaranteed to change.  There may be more than one root: we still have to prove that thereis only asingle

2Tt
root in the computed interval and that the rest of the roots are smaller. The maximal valence N is chosen in such away that for NOOSEW @s "sufficiently close” to 1. Thismeansthat forall K >N

corresponding eigenvalue differsfrom thelimit value\,, by no morethane , where € issmall enough for usto establish, using interval arithmetics, that the Jacobian of the characteristic map is positive
for eigenvectors computed using formulas derived below for al A intheinterval [A,, — €, A,,] . The actual computation of the Jacobian and evaluation of the necessary contraction functions is performed in
the C part of the code. We use maximal value 3000 here, just in case ( below we see that 1450 is sufficient to require the interval fol with the size of only.1 10°.

ﬂ Marden-Jury test

Mar denJdury(a, var, rootrad) Compute Marden-Jury table for apolynomialp invariablevar , with variable rescaled by rootrad.
Used to verify that al roots of a polynomial areinside the circle of radiusr.
[ > Mardendury := proc(a::polynom, var::name, rootrad)
local i, k, M, acol, thl, restable;
M := degree(a, var);
for i fromOtoM dothl[ 0, i] := coeff(a, var, i)[footrad™(i — M) od;
for i toM dofor kfrom0toM —idothl[i, k] :=thl[i — 1, 0](tbI[i - 1, k] —thl[i -1, M =k —i + 1](&bI[i =1, M —i + 1] od od;
for i to M dorestable[i] :=thl[i, 0] od;
eval(restable)
= end
[ Interva version of Marden-Jury test
> |ntervMardenJury := proc(a::polynom(interval ), var::name, rootrad::numeric)
local i, k, M, acol, thl, restable;
M := degree(a, var);
for i fromOtoM dothl[0,i] := Interval_timeg coeff(a, var, i), rootrad*(i - M)) od;
for i to M do
for kfromO0toM —i dothl[i, k] := Interval_add( Interval_timeg(tbI[i — 1, O], thl[i — 1, k] ), Interval_timeg -1, Interval_timeqthl[i -1, M =k —i+ 1], thl[i =1, M =i +1]))) od
od;
for i to M do restablefi] :=thl[ i, 0] od;
eval(restable)
end
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=] Deflation

z
defl at e(p, var, rootval ) compute the coefficients of the polynomiaI%; itisassumed that pisdivisible byz - z,. var isthe name of the variable,r oot val istheroot.

> deflate :=
[ proc(p::polynom, var::name, rootval) local i, dp, r; dp := O; r := Icoeff(p, var); for i from degree(p, var) — 1 by -1 to 0 do dp := dp + rlvar/i; r := coeff(p, var, i) + rootval(t od; dp end

Analysis of the eigenvalues

Now we perform steps 1-3 described above.
ﬂ (1). We show that for c < 0, al roots of the characteristic polynomial P(c, A) are less than 0.51 (actually, they are less than 0.5, but due to numerical nature of our calculations, we have to relax the
upper boundary).
c > Mitab := MardenJury(KobFactor6, |anbda, 51/100):
c > Mitablnterv := map(unapply('inapply’ ( dummy, c ),dummy), Mitab ):
[ > TestNegativeC := proc(cstart::numeric, cend::numeric, cstep::numeric)
local MJ, cx;
global MJtablinterv;
for cx from cstart by cstep to cend do
MJ := map( unapply( dummy([ cx, cx + cstep] ), dummy), MJtablnterv);
if 0<op(2, MJ[1]) or op(1, MJ[2]) <0or op(1, MJ[3])<0orop(l,MJ4])<0orop(l MJ5])<0orop(l MJ6])<O0then
ERROR(‘test failed for interval =, [ cx, cx + cstep])
fi

od;
print(*All tests passed')
end
>

Do tests, adjusting the step in c. Thisis not really necessary -- we can simply take the smallest step, but to save time we use larger steps first.
Test NegativeC(-1.0,-0.65,0.05);

L All tests passed
[ > Test NegativeC(-0.6,-0.275,0.025);
All tests passed
[ > Test NegativeC(-0.25,-0.06,0.01);
All tests passed
[ > Test NegativeC(-0.05,0.,0.005);
L All tests passed
_—J (2). We show that for any c=0.. 1, thereisauniquereal root p in the interval [0.5,0.613], and the functionp(c) is C1-continuous and increases.
[ Solve the characteritic polynoia for ¢
> csolutions := [sol ve( KobFactor6, c)]:
C Weareintersted in thefirst solution only; we will verify later that te second oneis out of the range [-1..1] for relevant values of\
> clanbda : = csolutions[1];
b 1 (-6144A°-1920\° + 432\ - 18 + 2«/9437184)\6+ 13238272 \° - 5451776 A" + 393216 A° + 30784 \” — 3440 A +81) (-1 +8\)
cl ja=——
)\2

>

Compute the derivative.
> clanbdadi ff := sinplify( diff(clanmbda, |anbda)):

1 nr

1
The solution for A =— can be computed explicitly.

> sinplify( subs( lanmbda = 1/2, clanbda));
L 0

[ Thesolution for A =.613 is outside the range.
> clambdal nterv : = inapply( clanmbda, |anbda): clanbdalnterv(0.613);

L [1.007236841, 1.007237163]
c >
Show that the derivativeis positive for A in [0.5..0.613] (the upper bound is the upper estimate for A( 1)
intervedi ff := inapply( clanbdadiff, |anbda):
[ > for xl from .5 by .004 to .613 do res:= intervediff( [ xI, x| +.004]); if res, < 0 then ERROR( test failed for interval, [xl, xI +.004]) fi od; print(all tests passed)
all tests passed
C We conclude that ¢, (A ) increases from 0 to above 1 on [0.5..0.613]; therefore, the inverse increases from 0.5 to approx. 0.613 on [0..1].
[ The second solution is outside the range of ¢ for thisrange of A:

> inapply( csolutions[2], |anbda)(0.5, 0.613);

[-28.12500027, -28.12499976]

T Weconclude that for ¢ > 0 in theinterval 0.5..0.613 there is aunique real solution.

(3). We"deflate" the characteristic polynomial (that is, divide by the monomiah — p) in the symbolic form, withp and c as the indeterminates. Next, we verify that for allc=0 .. 1, and for all
A =.5...613, al roots of the deflated polynomial are inside the circle of radius 0.5 centered at 0 in the complex plane, that is, have magnitudes less thap(c) forany 0<c.

[ Symbolic deflation; if we substitute a pairc, p(c) we get the deflated polynomial for a specific value of c.
> def | at edKobFactor6 : = coll ect( expand( defl ate(KobFactor6, |anbda, rru)) Iarrbda);

. 015 3 . o 2 15 335 2.8 207
deflatedKobFactor6 := A"+ 5-—-—c+q +B— — uc+u - ——HC+__U- *u *u C+u
16 64 1024° 1024 " 16" T8102 16334 ° 1024" °T1024" 16
183 9 21 335 7 9 o 2 , 3 %A 45 33, 9 9 o 18
297 5 155 3 5, o 188
55 16084 006" ¢ o 1 C T 10m” T 16 ATt 524288 524288 192" ~16384" ° 1024" " essas !

+2973521215434 75,
L 1024
[ Verify that for al cin 0..1 andp in 0.5.. 0.613 deflated polynomial has roots of magnitude < 0.5
> TestDeflated := proc(Istart::numeric, lend::numeric, Istep::numeric)
local cf, i, MJ, I, cinterv, deflatedinterv;
global deflatedMJtablinterv, clambdal nterv;
for i from 0to 5 do cf[i] := inapply( coeff( deflatedKobFactor6, A, i), ¢, p) od;
for Ix from Istart by Istep to lend do
cinterv := clambdalnterv([ Ix, Ix + Istep] );
deflatedinterv := 0;
for i from O to 4 do deflatedinterv := deflatedinterv + eval(cf[i](cinterv, [Ix, Ix+ Istep]))[A% od;
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deflatedinterv := deflatedinterv + [ 1.0, 1.0]CA5;

MJ := IntervMardenJury( deflatedinterv, A, .5);

if 0<op(2, MJ[1]) or op(1, MJ[2]) <0 or op(1, MJ[3]) <Oor op(1, MI[4]) <0or op(1, MI[5])<0or op(1, MJ[6]) <O then
ERROR(‘test failed for interval = *, [Ix, Ix + Istep])

fi

od;
print(‘All tests passed' )
end
[ > Test Defl ated(0.5, 0.613, 0.0005);
All tests passed

C Weconclude that in therange ¢ = 0..1, all roots of the deflated polynomial have magnitudes less than 0.5
c >
Special case: k=3

ﬂ Calculation of thelargest eigenvalues with guaranteed precision

This function produces a table of approximate values of the eigenvalue with given precision for use with interval arithmetics in the C part of the analysis code; to avoid conversion problems, we
write two integers: mantissa + exponent base 10. Thelast valueis the limit value for infinity (computed witle set to 1 in the char. polynomial). Theresult isaC function written to afile; if thefile
nameis‘default’, then the output is written to the standard output.
The argument of the function is valence, the function returns the interval value for the largest eigenvalue. The body isjust alargewi t ch statement.
We assume that the exponents for eigenvalues are nonpositive, which is always the case for Kobbelt's scheme.
ComputeEigenvalues := proc(N::integer, eps::numeric, fname::string)
local K, intervKobFactor6, intervPi, intervc, expandedKobFactor6, approxEV, r, deflatedKobFactor6, i, marTable, cK;
global KobFactor6;
Digits:= 15;
intervKobFactor6 := inapply( KobFactor6, A, ¢);
intervPi := Interval_timeg[ 2.0, 2.0], Interval_arccoq([0, 0]));
intervc := inapply( cos( 2C0ntervPi / K), K);
fprintf(fname, ‘virtual Float Eigenvalue(int K) {\n‘);
fprintf(fname, * static INTEGER64 EV[] = {\n");
expandedKobFactor6 := subg( ¢ = 1, KobFactor6);
approxEV := fsolve expandedKobFactor6, A, A =.5.. 1);
if 0 <op(2, intervKobFactor6( approxEV - eps, 1)) or op(1, intervk obFactor6( approxEV + eps, 1)) < 0 then ERROR( ‘fsolve precision failure for infinity" ) fi;
fprintf(fname, * CONST64(%d), CONST64(%d), CONST64(%d),\n*, op( 1, approxEV — eps), op( 1, approxEV + eps), 10M(—op(2, approxEV)));
fprintf(fname, ‘ CONST64(0), CONST64(0), CONST64(0), CONST64(0), CONST64(0), CONST64(0),\n');
for Kfrom3toNdo
if (K =3) mod 100 = 0 then print(K) fi;
cK = interve(K);
expandedKobFactor6 := subg( ¢ = cos( 207t/ K), KobFactor6);
approxEV := fsolve expandedKobFactor6, A, A =.25 .. 1);
if 0 < op(2, intervK obFactor6( approxEV - eps, cK)) or op( 1, intervK obFactoré( approxEV + eps, cK)) < 0 then ERROR(‘fsolve precision failure for K =*, K) fi;
fprintf( fname, * CONST64(%d), CONST64(%(d),CONST64(%d),\n‘, op(1, eval(approxEV - eps) ), op(1, eval(approxEV + eps) ), 10°(—op(2, approxeV)))
od;
fprintf(fname, * CONST64(0)};\n return Float(EV[3*K],EV[ 3*K+1])/Float(EV[3*K+2]) ;\n}\n\n* );
NULL

L L end
ﬂ Thederivative of the largest eigenvalue with respect to c at infinity.

To establish C1-continuity for all valences, we need to analyze behavior of the magnitude of the largest eigenvalue as the function of the valence, as the valence increases to infinityc(approaches 1).
(1)

We estimate a constant B, such that\ A=A, \ < B\ c- l\, sufficiently closeto 1. This constant can be taken to be the maximum of ; asthe

9 9
— |, or, equi tly, i f|—
ac ‘ or, equlvalen Yy, a8 maximum Ol a)\c
characteristic polynomial is quadratic inc, the latter isrelatively easy to compute. OnceB is known, we can estimate the sizee of the interval for A near A, , such that if the characteristic map is

3 21
injective and regular for all these values, it is sufficient to establish C1-continuity foK, <K, whereE <1-cos| E

KO
c > intervediff := inapply( clanmbdadiff, |anbda):
C Evauate for al lambdain the range 0.7..1; step 0.001 gives reasonable bounds; this may take some time.
r >cdiffinterv :=1[];
for i fromO to 299 do
cdiffinterv := Interval _union(cdiffinterv, intervediff([0.7+i *0.001, 0.7+(i+1)*0.001]));

od: eval (cdiffinterv);
cdiffinterv :=[ ]

L [9.984080932, 15.63504120]
[ > B := op(2, Interval _reciprocal ( op(1, cdiffinterv)));

B :=.1001594446

L
For example, if we use theiinterval of size.1 10° for A, we haveto consider all valences up to the valence for whichB COS%E» 1|<.110°, which turns out to be approx. 1450.

> Interval _tines( B, Interval _add( Interval _cos( Interval _tines( Interval _tines( 2, 2*Interval _arccos(0.0)),
I nterval _reciprocal (1450))),-1));

L L L [-.9403469458 10°, -.9403269135 10°°]
[=] Eigenvectors

Finally, we derive the expressions for the complex eigenvector of the largest eigenvalue of the subdivision matrix. We use the fact that the largest eigenvalue has multiplicity 1 and isareal eigenvalue of the
first subblock B, , of the subdivision matrix.

First part of the eigenvector

r> KobBl ock00 : = subs( s”2 = 1-c”2, map( evalc, subs( { d = 0, onega = ¢ + |*s}, submatrix( KobExpanded, 1..6,1..6))));
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s

80A+4c? A -16CA - 2112 2° - 5120 ¢ A’ ~ 1+ 576 ¢ A> - 65536 A* + 20480 A°

9|/\(—9s+9|c—2|c2+25c—228|>\c+1344|c)\2+2405)\—144|/\+4096|/\3+10|—1344/\2s)

80A+4Cc*\-16CA - 21122\° - 5120 ¢\’ -~ 1+ 576 c \” -~ 65536 A" + 20480 \°

9262)\—l—c+384)\z—ls+384€)\z—25606)\3—2560)\3+2I)\CS—2560I)\3s+384l)\zs+2c)\

80A+4C°\-16CA - 2112 2\° - 5120 ¢ \* — 1+ 576 c \* - 65536 A* + 20480 \°

9I)\(—8Ic—4096|c)\3+105—9l—1445)\+l44l)\c+125)\c+4096)\as+240I)\—1344l)\2—12I)\cz)

Verify agreement with the regular case:

> subs( { s =1, ¢ =0, lanmbda = 1/2}, eval (vO) );

80A+4C°A-16CA-2112)\* - 5120 c A’ - 1+ 576 ¢ A” — 65536 A" + 20480 A°

11 1 1
7+*I,l,l+*|,l+|,5+l

i

5,1 1.1 1 El .
8’8" 722° TR 08 16
5 45 45 5 5 9 9 9 1 9
+——c+——Is —-—c ——-—c-——ls ——c+—ls-——
28" 128" 128 16 64 256 256° 256 © 256 256 © 256
1 0 0 0
KobBlock00 := 9 9
= B T 0 0
16 16 16°" 16
0 1 0 0
o .9, o1 1, . 1
16716 ° 16 16° 16 ° 16

[ Thecharacteristic polynomial of this submatrix is exactly the degree 6 factor of the characteristic polynomial of the whole matrix:

> collect( sinplify( subs( { s*"3 = s*(1-c"2), s"2 =1 - c”2}, charpol y(KobBl ock00, | anbda))),
L 0
C > redBl ock00 : = submatrix ( eval n( KobBl ockO0 - |anbda * &+ ()), 2..6, 1..6):
r >v0 := map( sinplify, subs( { s"3 = (1-c"2)*s, s"2 = 1-c”2, _t[1] = 1}, linsolve(

:

_ L '2 2 2
=l second part, separatereal and imaginary parts
™ Now we compute the second part of the vector:
> KobBl ock10 := submatrix ( KobExpanded, 7..12, 1..6);
9 9
- 0 - 0 0
16 16
1 - 81 9 9 — 81 1 81 81 -9
W+~ 7T W — T Wr T T W+ —
256 256 256 256 256 256 256 256 256
1 9 9
“16” 16 0 16 0
KBBloadO=H - o 9 s 9 9 a8
256~ 256 ° 256 26 256° 256 256
-1 9
- - 0 0 0
16 16
9 81 1, 81 9 1 81 9 9 -9
AT WF T W T W Tt W T W
256 256 256 256 256 256 256 256 256 256
> KobBl ock11l anbda : = submatrix ( eval n{ KobExpanded - |anmbda * &*()), 7..12, 7..12);
1
-— - 0 0 0 0 0
16
-9 9 1 1—
— ——-A — 0 0 —
256 256 256 256
-1
0 6 -A 0 0 0
KobBlockl1lambda := 1 1 9 9 1 -9 -9
+t—w —-A
56 256 256 256 256 256 256
-1
0 0 0 0 -\ —
16
9 1 1 9
-—w w0 0 —— ——-A
L 256 256 256 256
[ > vl := nap(sinplify, subs( { s"4 = (1-c"2)"2, s"2 = 1-¢c"2, s"3 = (1-c*2)*s}, map( sinplify,
eval m( - inverse(KobBl ocklll anbda) & KobBl ock10 & v0)))))):
Put together the vector:
> KobEi genvect := vector( [seq( vO[i], i = 1..6), seq( vi[i], i =1..6) ]):
Verify agreement with the regular case:
> subs( { s =1, ¢ =0, lanbda = 1/2}, nmap( sinplify, evaln{ eval (KobEi genvect)) ) );
11 1 1 33 1 3
%,*+*I,l,l+*l,l+lﬁ+l, ,*+*|,*+I,*+*I,l+*|,*+*|%
2 2 2 2 22 22 2 2 22 2
C Separate real and complex parts
C > KobEi genvectRe := map( evalc, nap( Re, KobEi genvect)):
In addition, scale imaginary part by by 1/s
L > KobEi genvectIm:= map( sinplify, evalnm( (1/s) * map( evalc, map( I m KobEi genvect)))):

Code generation
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0
1

256
0

1

Cc
256

0
0
0

| anbda)

256
16

8L
256

map( eval c,

0
9

256
0
A1

16
0

1

|
256

0

KobFact or 6;

redBl ock00, vector([0,0,0,0,0]) )));
A(2cPA-1-c+384A%-15+384CA%-2560 cA° - 2560 A%+ 21 A c5— 25601 A’ s+ 3841 A°s+2C\) N

subs( onega = I*s + c,



